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Abstract

A novel approach which extends blind source separation (BSS) of one or group of sources to the case of
post-nonlinear mixtures is proposed. This is achieved by an adaptive algorithm in which the cost function jointly
estimates the kurtosis and a measure of nonlinearity. Simulation results are presented which illustrate the validity
of the proposed approach.

Blind signal separation (BSS) [4], [1] aims at recovering unobservable signals (sources) from their
linear or nonlinear mixtures. This technique has recently attracted much interest due to its potentially
wide number of applications in diverse fields. Despite recent progress in BSS, the main limitation of
existing BSS algorithms is that they have been specifically designed for linear mixtures. To help mitigate
these limitations, we set out to extend some existing criteria for blind source separation in order to make
them suitable for simultaneous post-nonlinear separation of arbitrary groups ofm (1 ≤ m ≤ n, wheren
denotes the total number of sources) sources of interest.

The need for modelling of a post-nonlinear system [2], [3], [7], [6] arises in some real world situations,
for instance: (1) sensors normally posses nonlinear transfer characteristics; (2) the effects of reflections
and interfering signals may introduce nonlinearity into the system.

I. POST-NONLINEAR M IXTURES

Considern unknown sourcess(k) = [s1(k), . . . , sn(k)]T with zero mean. Sources are observed through
a nonlinear vector mappingM (·) and linear mixing matrixA, to give measurementsx(k). This nonlinear
mixing problem (from the unknown sourcess(k) to the observationx(k) can be modelled as a post-
nonlinear system. We therefore assume the signalsx(k) are nonlinear memoryless mixtures ofn unknown
statistically independent sourcess(k), and the observation process can be expressed as

x(k) = M(As(k)) (1)

whereA ∈ Rm×n is an unknown mixing matrix which is assumed to be non-singular.
Our goal is to separate the sources of interest without any prior knowledge of their distributions and

the nonlinear mixing mechanism. To that cause, we need to derive a separation structure which involves
learning rule for the estimation of the unmixing matrixW, and a way to estimate the nonlinearity within.
This unmixing operation can be expressed as

y(k) = W(x(k)) (2)

wherey(k) denotes the separated output signals.
In order to extractm ≤ n sources, the observations (1) will be processed by an (m × n) separating

matrix W, satisfyingWWT = I , which yields the output vector (or estimated sources)y(k). The matrix
g = WA will denote anm× n global matrix from the sources to the outputs.
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II. T HE PROPOSEDSEPARATION ALGORITHM

A. Nonlinear Separation Algortihm

For the separation of post-nonlinear mixtures, we propose the following ”mixed norm” criterion:

J(y(k)) =
n∑

i=1

|cum[y4
i (k)]| − E{log

n∑
i=1

[fi(yi)(k)|} (3)

wherefi(·) is the nonlinearity. The left hand side part of (3) is responsible for standard BSS, whereas
the right hand part of (3) estimates the nonlinearity within the mixing process. It is important to note
that (3) holds only if the functionsfi(·) are invertible, a restriction that must be taken into account in the
development of learning algorithms.

B. Nonlinearity: The Activation Function

Notice that the first term in (3) represents the standard demixing criterion, whereas the second term
in (3) is related to the estimation of the nonlinearity effects within the mixtures. This way, criterion (3)
represents a joint constrained optimisation problem.

In order to derive a learning algorithm corresponding to (3), let us consider separately the minimisation
either parts of cost function (3). LetJK correspond to the first term in (3) (kurtosis) andJN to the second
term (nonlinearity). Observe that

JN(W(k), y(k)) =
∂

∑n
i=1 logfi(yi(k))

∂W(k)

=
∂

∑n
i=1 logfi(yi(k))

∂y(k)

∂y(k)

∂W(k)
(4)

wheref(y(k)) = [f1(y1(k)), f2(y2(k)), . . . , fn(yn(k))]T is the column vector whoseith component is

fi(yi(k)) = −∂logqi(yi(k))

∂yi(k)

= −∂qi(yi(k))/∂yi(k)

qi(yi(k))

= −q′i(yi(k))

qi(yi(k))
(5)

where qi(yi(k)), i = 1, . . . , n, are true probability density functions of the source signals. In fact,
minimising the above cost function leads to the minimisation of the mutual information [5]. The differential
(infinitesimal increment) of the cost function can be evaluated as

dJN = f(y(k))dy(k) (6)

wherek denotes the iteration number. Notice also that

dy(k) = −dx(k)y(k) (7)

Applying the natural gradient concept by introducing a new differential

dx(k) = [I + W(k)]−1dW(k) (8)

Assuming that small changes of the output signals are only affected by a small variation of the ”synaptic”
weights{wij(k)} ∈ W(k), we can approximate (7) by

dy(k) = −[I + W(k)]−1dW(k)y(k) (9)
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Fig. 1. Source signals used in simulations: (a) The original source signals,s1 with binary distribution,s2 a sine wave ands3 with Gaussian
distribution; (b) The separated output signals based on the proposed nonlinear predictor,y1 with binary distribution,y2 a sine waveform and
y3 with Gaussian distribution.

Hence, on the basis of the standard gradient descent, we obtain an approximate learning rule, given by

4W(k) = −η0(k)
∂JN

∂W(k)

= η0(k)[I + W(k)]f(y(k))yT (k) (10)

which finally yields a sequential update in the form of

W(k + 1) = W(k) + η0(k)[I + W(k)]f(y(k))yT (k) (11)

Applying standard gradient descent to (3), an update which minimises the ”mixed norm” cost function
(3) is obtained as

W(k + 1) = W(k) + η0(k)f(y(k))[x(k)− (I + W(k))yT (k)] (12)

where the separated outputs,y(k) = W(k)x(k).

III. E XPERIMENTAL RESULTS

In the experiments, the simulations were based on three source signals:s1 with binary distribution,
s2 a sine waveform ands3 with Gaussian distribution, as shown in Fig.1. The input for all signals was
scaled to range [-2, 2], with positive kurtosis, and learning ratesη0(k). Monte Carlo simulations with
1500 iterations of independent trials were performed. The initial values of the predictor weights and the
demixing matrix vectorW(k) were randomly generated for each run. The simulations were conducted
without prewhitening. In theory, by minimisation of the normalised kurtosis of the extracted signal, we
will recover the first source, since it has the smallest kurtosis value (binary signal). A3×3 mixing matrix
was randomly generated, and is given by

-0.8623 -0.5502 -0.0542
A = 0.1812 0.3532 -0.2561

-0.5511 -0.4358 0.9759
(13)

The proposed adaptive algorithm which does not require any prepocessing (prewhitening) is particularly
suitable for blind source separation with post-nonlinear mixing matrices. The scatter plot (Figure 2) has
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Fig. 2. Scatter plot comparing the independence of the output signals; Column 1: signal 1 and 2; Column 2: signal 2 and 3; Column 3:
signal 1 and 3.

confirmed the validity of the theoretical results and demonstrated the performance of the algorithm. The
output signals are closely matched with the original unknown sources (Fig.1).

IV. CONCLUSIONS

We have proposed an approach for post-nonlinear blind source separation. The proposed method and
conditions have been discussed. A neural-network model and its associated adaptive learning rule for
post-nonlinear mixtures have been introduced. The proposed adaptive algorithm does not require any
prepocessing (prewhitening), and due to the design of the contrast function, it is particularly suitable
for blind source separation with post-nonlinear mixing matrices. Simulation results have confirmed the
validity of the theoretical results and demonstrated the performance of the algorithm.
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