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In thi hth bl ¢ N " Deville, 2005]. Such techniques assume that the given sourc
N this paper we approach the problem of parameter estimgs o sentation is disjoint in some way or at least approxi-

tion in the context of sparse bI_|nd source separation. We F?F&':\tely s0, the simplest form of this assumption may be stated
pose that a power weighted histogram be used as an ef cigpt

way of computing maximum likelihood (ML) parameter esti- ‘ . P
mates. The use of the weighted histogram as general tool for si(k)s; (k) =0 816 jk 2)
computing ML parameter estimates is also explored, the spgreref s; (k): si(k)ji;j = 1;2;:::;Ng are source signals
ci c example examined here is the one of location estimatiogndk 2 f 1;:::; K gis the sample index in the sparse domain.

- N As a consequence of this assumption the mixing model (1
Mixing Parameter Estimation in Sparse Systems q P 9 @)

becomes
The underdetermined blind source separation problem is the 3 2
one of recoverindN unknown sources frontl < N mix- X1(Kk) ain
tures of these sources with no knowledge of the underlying 2 : E, = 2 : %Sn(k) :8k2 , 3)
mixing procedure. To illustrate we consider the standa¥d in xM'(k) aN'm
stantaneous mixing model
> 3 2 32 s1(K) 3 where  is the support of tha™ source
X1 (k) A A AN 6 _
§ . £=9. . : %E 2 z 1) n = fkjsa(k) 6 0g\f 1;,2;:::;K g: 4
Xu (k) Qi Auz AN o It follows that for eachk the mixturest x1(K):::::xu (K)g
are a linear combination of only one source signal, i.e. the
where fs;i(k);s2(k);:::;sn(k)g are N source signals, one source signal with non-zero supportkat Realistically
faj;;::ii;aun; i avw; i avn g are the entries of thethe disjoint signal assumption (2) can only ever be approxi-
mixing matrix A, fx1(k);:::;xm (k)g areM mixtures and mately true, but in practice approximate disjointness oan b

k 2 f1;:::;Kg is the sample index. The even/oversuf cient. In Figure 1 two scatter plots (top row) and two
determined blind source separation problévh ( N) has weighted histograms (bottom row) are shown for two mix-
been studied extensively, Independent Component Andlyres of four speech sources along with the four correct line
sis (ICA) approaches are a well known solution [Jutten andentations and peak positions. The rst scatter plot isege
Hérault, 1991; Bell and Sejnowski, 1995]. The more dif tulated in the time domain where speech is only somewhat sparse
under-determined blind source separation problehx(N ) and correctly orientated lines are not observable. Therskco
has only recently received similar attention, the most popscatter plot is generated in the time-frequency domain her
lar solutions to the problem involve exploiting the sparsit  speech is more sparse and so four correctly orientated lines
source representations in certain transform domains. can be observed. The weighted histogram plots present the
Similarly to ICA approaches where the most independestatter plot data in an alternative way, each point in théeca
source representations are sought, Sparse ComponentAnadt (x1(k); x2(k)) is used to compute a line angle estimate
sis (SCA) approaches seek the sparsest source representin * (x,(k)=x1(k)) and each of these estimates is weighted
as a solution [Zibulevsky and Pearlmutter, 2001; Georgigvthe histogram by the distance of the point from the ori-
et al., 2005]. Other techniques exploit the properties gin of the scatter plot, rather than one. The rst histogram
sparse representations directly to arrive at a solutionll[Bois generated in the time domain and only two peaks provide



sample indices.
The ML estimate of the parameteis given by maximising
the probability density function

¥
fxj s(xj; )= fy(x(k) s (k)
k=1
|
1 1 X . ;2
= p—2 > exp ﬁkzlJX() s (k)] (6)

maximum is found by differentiating with respect toand
solving when the result is set equal to zero

@ .
@ij' s(xj;s) =0
P . .
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Fig. 1: Scatter plots and histograms in time and time-frequency. ML = —F E is(k)j2
=1
where

reasonable estimates, in the time-frequency domain four co ~(k) = x(k)
rectly located histogram peaks are clearly present. Indlse c s(k)

of disjoint sources and noiseless mixing both approaches @lihe ML estimate of the parameterat the sample indek.

equally valid, with scatter plot points tracing out line@m The VL estimate is a weighted average of the estimates ob-
tations perfectly and with histogram energy lying only ie thained at each sample index, where the weighting factoeis th
correct bins. instantaneous powgs(k)j2. We propose that a sparse blind

In general sparse blind source separation techniques sg&lce separation clustering technigque ought to haveetlust
to cluster mixing parameter estimates together in some Wayntres which coincide with (7).

the cluster centres (e.g. line orientations, histogrankgea

are then used to determine "good' estimates of the mixing fdre Power Weighted Histogram

rameters associated with each of the source signals. With e e ne a power weighted histogram with a Gaussian kernel
rectly estimated mixing parameters tResources can be re-gg

covered either through partition of the mixtures or locakmi

ing matrix inversion. The clustering step is key to the sgsce X W

of sparse blind source separation techniques, unfortynateH :s( )= is(k)i’p=exp W ( (k)* (8)

it is not always clear what a “good' cluster centre estimate k=1

means in an optimal sense. o whereW is inversely proportional to the width of the Gaus-
In this paper we approach the estimation task from a pralis, kemel. The value of corresponding to the centre of the

ab|I|st|c' pomt of view, segklng the Maximum leellhoodpeak ofH .s( ) may be used as an estimate of the parameter

(ML) mixing parameter estimates. \We propose that & power The peak value is determined by setting the derivative of

weighted histogram be used as an ef cient way of computipg () with respect to equal to zero and solving, i.e.

these estimates. The use of the weighted histogram as ¢ienera

tool for computing ML parameter estimates is also explored, @

the speci c example examined here is the use of a weighted @H s() =0

histogram for the source position estimation.

AN
= peak
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Maximum Likelihood Mixing Parameter Estimation )M s (Kis(k)i*exp W ("peax  T(k))* ©

peak — P . i A
We consider the problem of recovering the mixing parameter k1 is()izexp W ("peac (k)2

2 R from the signak(k) For a wide Gaussian kernel, i.&V ! 0 the estimate be-
comes
x(k) = s (k) + v(k) (%) R P« ~(k)jS(k)j2
peak = —FS— (10)

wheres(k) 2 R is a source signal of interest(k) 2 Ris a k=1 Js(K)j?
Gaussian noise term of variancé andk 2 f 1;:::;K g are

which coincides with the ML estimate (7).



~ w0 reduced. Power weighting suggests that information associ
- ated with high signal strength is of greater value than infor

: mation associated with low signal strength. In the case of
scatter plots (Figure 1) this reasoning suggests that to lea
line orientations a clustering technique should treat {sdi
1 ing further from the origin as being more accurate than those
near the origin.

Another advantage of the power weighted histogram over
other techniques is the reduction in the size of the spade tha
. is needs to searched over to nd parameter estimates. In Fig-
ure 1 the scatter plots contaR®000points whereas the his-

' tograms have onl200bins. The number of histogram bins
N can be chosen acccording to resolution required, a smal num
T ber of bins however is not detrimental to resolution require
ments since the histogram bin values are samples of an under-
lying density function and any point on this function can be
Fig. 2: Power Weighted Histograms (100 bins) for a mixture adstimated using curve tting.
three source$ 1; 2; 39 = f 0:234 0:123;0:3453 and
the Gaussian kernels of inverse standard deviatibon = Estimation of Spatial Coordinates
f 10; 100; 1000g.
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In addition to mixing parameter estimates the weighted his-
togram tool can be used to compute other ML parameter es-
timates. Here we demonstrate the usefulness of the weighted
Now considering the related problem of determining dhe histogram when computing ML estimates of source spatial co-
mixing parameters 1; »;:::; ng 2 R from the signal ordinates. Again we have a simple mixing model

x(k)

Multiple Source Signals

N Xm (k)= e 1 % s(k) + vin (K) ; (13)
x(k) = nSn (k) + v(k) 11)

n=1 = jijp pmij=cis the propagation delay between the source

positionp and the sensor positign, , cis the speed of prop-
agation angj jj istheL, norm. ForM sensors the likelihood

In the case where thed¢ signals are disjoint as de ned infunction is given as

(2). The ML estimate of the® parameter , is given as

P _ . 5 . Y( \M IRT .
A g n(Kisn(K)j 1 Px(Xipis)= pv (Xm (k) e )P Prig(k))
nmL -~ ) o Sn (k)j? 12) k=1 m=1

(14)
. th o _ and the maximum can be found by setting the derivative
where , is the support of then™ signal s, (k) as de with respect to the each of the three spatial coordinates

ned in (4). Without knowledge of theN support sets , ="~ . .
f 1. 2;:::; ngthe problem becomes computationally in(P1: P2; Ps) equal to zero and solving. Solving fpr we have

tensive as a search over all possible support sets is neges W
in order to nd the ML solution. However the computation of = | 2jg(k);? P Pmi cm(k) jip pmii =0

the power weighted histogram does not require knowledge of; met P Pmlj
theN support sets. To arrive at (10) a in nitely wide Gaus- (15)
sian kernel was chosen, i/ ! 0. For multiple sources awhich is a frequency squared power weighted sum of the spa-

proximate ML estimates of the parametérs; 2;:::; ng X B Pm, ~ (k) i -
when a narrow Gaussian kernel is used. D pmii Cm(K) I P Pmij
The idea that each instantaneous mixing parameter estimate m=t

!og Weighteq With the_signal power at that instant makes inWherep = (%1; P2; P3) are the coordinates of the spatial ML
itive sense in a high signal to noise environment. In a stahd@stimate ands, (k) is the ML estimate of the delay between

histogram each estimate would be weighted equally, with highe source and then™ sensor at th&™ instant. This term
noise estimates having as much in uence on the nal mixingan be arrived at by treating

parameter estimates as low noise estimates. If power weight
ing is used however the in uence of noisy estimates is gyeatl m(K)=jjp pmii cm(k)

(16)
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as a Gaussian noise term and nding the ML estimate; of
For m(k) = 0 this term describes a sphere and the intersec- 1
tion of M 4 spheres coincides with the source location,
the Global Positioning System (GPS) is based on this princi-
ple. When source-sensor delay information is unavailable a .| l
similar term exists for a pair of sensors o x

&
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m(K)=Jip pmil i P Pl CTmi(k); ol " © 1
where Ty (k) is thef m; g inter-sensor ML estimate at the

k™ instant. Now for (k) = O the intersection oM 4
hyperbolae coincides with the source location. Solution to

this non-linear problem is dif cult [Smith and Abel, 1987, e e 4202 4 e e
common approach is to seek a maximum likelihood estimate, ™ T
it follows that the likelihood function is given as er 1

IS
T
L

W } o 2
p=exp W jip pmiiii P pii cwm(k) (17

o
X
I

whereW, = 1=2 2. Comparing with the histogram de ni-
tion (8) we can rede ne (17) as a spatial localisation fuoicti
whereW, is now some positive constant. In Figure 3 (top
plots) the sum and product of the localisation functionsafor o
source af(4;2) and sensors dt( 4; 5);(5;0);(0;3)g are
plotted. We can interpret the sum as the ML position estimate

o)
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T
L

if 12 is estimated correctly OR ifi3 is estimated correctly I
ORI if ,3 is estimated correctly at the instdntaind the prod- B

uct as the ML position estimate i, is estimated correctly I |
AND if 13 is estimated correctly AND if 3 is estimated x i
correctly at the instark. A power weighted spatial histogram ar N 1
can be used to combine these instantaneous estimateslover al -t :
sample points. In Figure 3 (bottom plots) four speech saurce of x |
are positioned at( 8;2);( 5; 9);(0;5);(9;1)g and four o |
sensors are positionedfdt 7;0);( 2;3);(0; 3);(4; 6)g, Al x |
power weighted spatial histograms are used to combine the | o |

instantaneous estimates computed at time-frequencyissta
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