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Abstract

This paper describesa particle �ltering method for tracking the frequencyof a mono-
component signal. The method is aimed at tracking echolocation signalsusedby micro-
bats which commonly have a single dominant harmonic component. In the approach
followedhere,the frequencyof the mono-component signal is modelledasa slowly varying
dynamic state. The particle �lter is then usedto track the frequencyof this signal.

1. In tro duction
Bats usea variety of echolocation calls. Thesecalls are not only species-dependent, but
alsosituation-speci�c. While many calls may be described aslinear or exponential chirps,
someare more complicated and cannot be represented in such simplistic terms. A further
complication of the call structure is the presenceof higher-order partial overtones.These
characteristics can make a model basedapproach di�cult.

One way of examining bat signals is to extract their time-varying parameters.Dubois
et al (2005) use a particle �ltering algorithm to track multiple spectral components of
a signal using the short-time Fourier transform (STFT). In this paper, we attempt to
track the frequency of a signal using a time-domain formulation. The method operates
on the raw data, without any pre-processing,and therefore utilises all the information
available in the data. The signal is constrained to a mono-component signal (or onewith
a single, highly-dominant frequency component). In addition, we are not interested in
the estimatesof amplitude or phase,and theseare marginalisedout of the likelihood. We
provide somecomparison of results with the method developed by Dubois et al which
tracks frequenciesusing the STFT.

A simple harmonic frequency is modelled using the equation (Bretthorst (1988))

g(t) = B1 cos(2� f t) + B2 sin(2� f t) (1.1)

where the parameters B1; B2 contain the amplitude and phase,and f is the frequency.
Expressedin polar coordinates, this is identical to the formulation

g(t) = B cos(2� f t + � ); where B =
q

B 2
1 + B 2

2 ; � = tan � 1
�

B2

B1

�

If n(t) is white Gaussianobservation noise, the observation equation can be written as

z(t) = g(t) + n(t); where n(t) � N (0; � 2
n ) (1.2)

We de�ne zt = f z(t � L + 1); � � � ; z(t)g as a vector of observations of length L . From
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equation 1.2, the likelihood function is obtained as
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The joint posterior distribution obtained from equation 1.3 is

p(B1; B2; f ; � 2
n j zt ) / p(zt j B1; B2; f ; � 2

n ) (1.4)

The distribution of interest is p(f j zk ; � 2
n ). This may be obtained by marginalising the

nuisanceparametersB1 and B2 which constitute the amplitude and phaseof the signal.

2. Marginalisation of nuisance parameters
Bretthorst (1988) illustrates the marginalisation of the amplitude-phasecomponents for
a singlesinusoid modelled using equation 1.1. An uninformativ e uniform prior is assumed
for thesecomponents. Bretthorst makesthe assumptionthat the length of the observation
vector is large, L � 1, in order to derive the marginalised distribution. Integrating out
B1 and B2 then yields the joint likelihood
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where z2
t =

1
L
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and C(f ), is the Schuster periodogram de�ned as
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Using this formulation, the periodogram appearsin a more natural way in the likelihood
function, as comparedto the STFT-method.

3. Particle �lter framew ork
The particle �lter relies on the transition probabilit y and likelihood function which may
be derived from the state-spaceequationsshown below.

x k = f (x k � 1) + v k � 1 (3.1)

zk = h(x k ) + nk (3.2)

where x k and zk represent the state and observation vectors respectively at time k, f (�)
and h(�) are (non-) linear functions. The processnoise,v k � 1, and the observation noise,
nk , are assumedknown.

The transition probabilit y, p(x k j x k � 1), is used to update the processstate, and the
the posterior distribution of interest is proportional to the likelihood

p(x k j zk ) / p(zk j x k ) (3.3)
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4. Particle �ltering for frequency trac king
Let f k denotea time-varying frequencyat time k. The frequencyis modelled asa random
walk with variance� 2

f , under the constraint 0 < f k < 0:5 assuminga normalisedsampling
frequencyof 1Hz. The processequation is written as

f k = f k � 1 + vk � 1 (4.1)

where vk � 1 � N (0; � 2
f ). Equation 4.1, provides the transition probabilit y p(f k j f k � 1).

The observation zk , at time k, is obtained using equation 1.2

zk = B1;k cos(2� f k k) + B2;k sin(2� f k k) + nk (4.2)

where B1;k and B2;k denote (time-varying) amplitudes at time k; the observation noise
is assumedto be Gaussian,nk � N (0; � 2

n ), with � 2
n known.

We de�ne zk = f zk � L +1 ; � � � ; zk g as the observation vector; the signal is assumedto
be slowly varying so that f k � L +1 � f k , B1;k � L +1 � B1;k , B2;k � L +1 � B2;k . Under these
assumptions,and for L � 1, p(f k j zk ) / p(zk j f k ), de�ned in equation 2.1.

Algorithm 1 illustrates how the particle �lter is usedfor frequencytracking. f i
k denotes

the frequency indicated by the i th particle at time k. N is the number of particles used;
bNef f is the e�ectiv e number of particles as de�ned by Ristic et al (2004), and N thr is
the threshold below which the resampling operation is performed.

Algorithm 1 SIR Particle Filter for FrequencyTracking
(a) FOR i = 1 : N

- Draw f i
k � p

�
f k j f i

k � 1

�

- Evaluate the importance weights ~w i
k = wi

k � 1p
�
zk j f i

k

�

(b) Calculate total weight t = SUM
�
f ~wi

k gN
i =1

�

(c) FOR i = 1 : N
- Normalise w i

k = t � 1 ~wi
k

(d) Calculate bNef f ; IF bNef f < N thr

- Resample:
�
f f i

k ; wi
k gN

i =1

�
= RESAMPLE

�
f f i

k � 1 ; wi
k � 1gN

i =1

�

5. Results
We provide results from simulations while varying three parameters:SNR of the signal,
window-length, and number of particles used.Errors areprovided asa relativepercentage
error. The test signal used is a linear chirp, and the error is shown as a function of the
actual signal frequency rather than time. This can provides a measureof the frequency-
dependent estimation error on the window-length L .

Figure 1 shows the frequencycontent of a synthetic test signal, with the corresponding
STFT, at an SNR of 12dB, overlayed with the estimated frequency from a test run.

Figure 3 shows the error when the window-length, L , is varied at a constant SNR. The
error decreaseswith increasein window-length, however, for a given window length, the
error is higher when tracking a low-frequencysignal.

In �gure 4, the error obtained for di�eren t SNR conditions is compared, providing a
limiting condition for satisfactory performance of the �lter. At low SNR (< 0dB), the
error increasessigni�cantly; the error can be reduced by increasing the window length,
however, this may violate the assumption of a slowly varying signal. The number of
particles usedin the simulations was �xed at 500sincethere wasno noticeablereduction
in the error when more particles were used.

For comparison purposes,�gure 4 also shows the estimation error obtained from ap-
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Figure 1. Tracking a linear chirp Figure 2. Tracking a linear bat chirp
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Variation of error with window length using a fixed number
of particles (500 particles) at constant SNR (12dB)
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Figure 3. Error vs. window length
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Variation of error vs. SNR using a fixed length window (31)
and constant number of particles (500 particles)
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Figure 4. Error vs. SNR

plying a �lter basedon the method of Dubois et al (2005) to track the spectrum (labelled
`STFT tracking'). From the �gure, our method seemsto perform better. Further, com-
pared to the method of Dubois et al, the formulation here is straightforward and uncom-
plicated, identical to the SIR particle �lter, with the exception of the marginalisation,
which is neededto obtain the likelihood.

A sample recording of a bat call from the bat Myotis Nattereri was used as a �nal
test sequenceto measurethe robustnessof the algorithm to real-world data. The result,
shown in �gure 2, appears to be satisfactory.

6. Conclusions
The method developed here o�ers a simple method for frequency-tracking of mono-
component signals using a particle �lter. Results indicate that the method is both,
reliable as well as robust. Work is currently under way to extend the method to deal
with multi-component signalswith a time-varying number of components.
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