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Abstract

An algorithm for the harmonic inversion of acoustic Room Impulse Response(RIR)
signals is presented. Speci�cally , a nonlinear parameter estimation technique known as
the Decimated Pad�e Approximant (DPA), which combines the well known methodology
of Pad�erational polynomial approximation and beamspacewindowing, is shown to be the
exact reconstruction model for experimental RIR signals.As well as accurate parameter
estimation the DPA also provides the abilit y for high resolution spectrum estimation of
such signals, for either speci�c spectral regions or the entire Nyquist interval. A noise
�ltering technique using the removal of Froissart doublets to obtain an irreducible rational
model is investigated. This noise�ltering can be usedto �nd an order of the parametric
model that is inherent in the data.

1. In tro duction
Inverseproblems arise frequently in mathematical physics and signal processing.Inver-
sion is the the processof extracting information about the nature of a system and its
input using only the measuredoutput of the system. Theoretically inverseproblems are
formulated using di�eren tial calculus, where the task is to �nd the unknown di�eren tial
equation and unknown boundary conditions from the observed data. It is well known
that inverseproblems are usually ill-p osed,making them notoriously di�cult to apply
in practice. Recent investigations in quantum chemistry have shown that Pad�e rational
polynomial approximation, akin to auto-regressive moving average(ARMA) parametric
processing,can o�er reliable and robust solutions to such problems [Belki�c 2005].

In acoustics,common applications of inversion are, inversemodelling of room transfer
functions, inverse�ltering and inversescattering. In this paper we advocate the use of
the Decimated Pad�e Approximant (DPA), as a numerically stable and computationally
e�cien t means to tackle the inversion of experimental Room Impulse Response (RIR)
signals, the results of which may be tailored for speci�c applications. An RIR signal
characterizesthe soundwavepropagation from a point sourcelocation to a point receiver
postition within an enclosedspace.In practice these signals are of signi�can t length, a
typical RIR signal will contain tens or even hundreds of thousands of sample points.
Processingthe entire signal asa whole would be numerically unstable; the dimensionality
of these signals must be controlled. This may be achieved by band-limited decimation
(BLD) windowing, which producesa complex-valued signal, hencethe parametric model
for RIR time signals is given as a linear combination of decaying complex exponentials.

Parametric models are often complicated by the fact that we do not have a priori
knowledge of the order of the model. For this purpose one can invoke the well known
Froissart noise �ltering properties (pole-zerocancellations) of the Pad�e Approximant as
an order selectionprocedure.
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2. Theory
For the digitized RIR signal f cn g with sample rate � (t = n� ; n = 0: : : N � 1), we have

cn =
KX

k=1

dk e� i! k n� Im( ! k ) < 0 (2.1)

where f ! k ; dk g 2 CI , are the complex frequency and complex amplitude of each k th

harmonic respectively. The order, given by K , corresponds to the number of transients
contained within the signal. Formally, harmonic inversion is the term given to the pro-
cessof decomposing the time signal, given by Eq.(1), into its respective components
f K ; ! k ; dk g. Provided we have N � 2K , the signal is fully reconstructible and we are
able to obtain the position (Re(! k )), width (Im (! k )), height (jdk j) and phase(Arg( dk ))
of each resonant structure in the spectrum.

Processingof RIR signalsbeginswith creating shorter length BLD signals.BLD win-
dowing, (also known as beamspacewindowing [Zoltowski, Kautz & Silverstein 1991]),
appliesa frequency�lter to divide the original signal, f cn g (n = 0: : : N � 1) of length N ,
into a set of M d smaller windows of length Nd = [N=M d], (where [:] denotesthe integer
part), giving f cbld

n g (n = 0: : : Nd � 1) with new sample rate � d = M d� . An important
feature is that within each BLD window there is no lossof information. In practice care
must be taken at window edgesas errors can occur. The Nyquist interval of the signal
may be scannedusing a suitable window overlap chosenso as to avoid window edges.
Full details may be found in [Belki�c, Dando, Main & Taylor 2000].

Treating the coe�cien ts of this shorter length signal as the Maclaurin seriesexpansion
coe�cien ts in the variable z� 1, processingis acomplished via the Pad�e approximant
de�ned as the unique rational approximation of the form

f bld (z) =
1X

n =0

cbld
n z� n � [M =K ]f bld (z) =

P M
j =0 pj zj

P K
j =0 qj zj

=
PM (z)
QK (z)

(2.2)

where z = exp(� i! � d). Without loss of generality we my impose the normalization
QK (0) = 1. The remaining coe�cien ts are chosensuch that the power seriesof the ap-
proximant matchesthe power seriesof the function being approximated up to the degree
M + K (inclusive). The coe�cien ts of the numerator and denominator polynomials canbe
computed by solving the Pad�e linear system or by application of the the Wynn-Epsilon
algorithm [Baker & Graves-Morris 1996]. The DPA processuseseither the o� diago-
nal approximant PK � 1(z)=QK (z) (M = K � 1) or diagonal approximant PK (z)=QK (z)
(M = K ). The poles of the approximant are given by the roots of the denominator
polynomial, QK (zk ), zk = exp(� i! k � d), k = 1: : : K . The complex frequenciesf ! k g can
then be calculated from the polesusing ! k = i

� d
ln(zk ), where ln(zk ) = ln jzk j + iArg( zk ).

Provided the roots of QK (z) are distinct, the complex amplitudes f dk g can be found
using Cauchy's residueformula, which gives,dk = (PK (zk ))=(zk Q0

K (zk )). Extracting the
amplitudes in this manner has been found to be both more accurate and more compu-
tationally e�cien t than both Prony parameter estimation and eigen-decomposition by
signal diagonalization [Belki�c, Dando, Main & Taylor 2000].Moreover, using the Cauchy
formula for polesof multiplicit y, providesthe ablilit y to work with completely overlapping
spectral structures [Belki�c 2005].As signalscomposedof decaying complex exponentials
in time will have Lorentzian pro�le in frequency, the Lorentzian spectrum is de�ned by

F (! ) = � i
KX

k=1

dk

! � (! 0 + ! k )
(2.3)
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Since all experimental data will have some degreeof noise present, theoretically we
are dealing with a perturb ed power series.(i.e. f̂ (z) =

P 1
n =0 (1 + �r n )z� n , where � is the

noise level and r n are random numbers of somedistribution). Froissart noise manifests
in the form of Froissart doublets, de�ned as pole-zeropairs separatedby a distance of
order � [Bessis1996].We implement Froissart noise �ltering for the DPA parameterized
experimental RIR signals. The so called full order DPA is determined by the accuracy
through order conditions of the Pad�e approximant, for example, using a band-limited
decimated signal of length Nd = 400 the full order would be [199/200]DPA for the o�-
diagonal approximant and hencethe order of the dynamical systemis given by K = 200.
We may reducethis order by de�ning the neighbourhood of a pole, zp, as the open disc
D(zp; � ) := f z 2 CI : jz � zp j < � g. Froissart Doublets are classi�ed as any zero, zs, lying
in the neighbourhood of a pole, ie.

jzp � zs j < � (2.4)

where we require that there is only onezero and one pole in any pair within the approx-
imant.

3. Results and Discussion
This section presents results from our calculations with experimental acoustic RIR sig-
nals. All RIR measurements were aquired using a sine sweep and sampled at 48 KHz
(� = 2:0833x 10� 5), with samplenumber N = 131072.

Fig.1 (a) shows the �rst 10000samplesof an experimental RIR time signal. Fig.1 (b)
contains the corresponding FFT spectrum showing a frequency band of approximately
570 Hz. The DPA spectrum is shown in Fig.1 (c), which was reconsructedusing N=4 =
32768 sample points of the RIR time signal and applying a BLD window of length
Nd = 400. In this calculation we computed a [199/200]DPA, extracted the parameters
f ! k ; dk g and then evaluated the Lorentzian using Eq.(2.3). We can seethat the DPA
has interpolated all resonant structures with good accuracy. This veri�es the precision,
with which this technique can extract the parameters f ! k ; dk g. Furthermore, this also
demonstratesthe stabilit y of the DPA for high orders in the rational model.

Figs.1 (d) and (e) demonstrate Froissart noise �ltering for a secondRIR signal. In
this calculation we usedan RIR time signal of length N = 131072,with a BLD window
of length Nd = 200 and computed a [99/100]DPA. The full order DPA spectrum is
shown in Fig.1 (d). Upon application of Eq.(2.4), with � = 2:0x10� 2, we remove the
Froissart doublets and reducethe order of the system from K = 100 to K = 15. This is
a marked reduction in the complexity of the system. The remaining system parameters
wereevaluated usingEq.(2.3) producing a 'cleaned'spectrum (Fig.1 (e)), which maintains
all major structures of the signal. In general, we observed that this tolerance level was
su�cien t in reducing windowed RIR signalsto similar orders, with minimal degradation
in the spectrum.

The Pad�emethodology hasbeenshown to be a competent solver of the inversespectral
reconstruction problem in quantum chemistry and here it is demonstrated that such
techniques naturally cross-fertilize to the �eld of acoustics.We are currently exploring
other inverseapplications using DPA parameter estimation, such asthe abilit y to extract
the room dimensionsof a rectangular chamber using two RIR measurements taken at
di�eren t receiver positions within the room (a form of inversescattering). In particular
we have observed that the poles of the room resonancefrequenciesstrongly overlap, an
example of this is displayed in Fig.1 (f ). We seekto determine in which circumstances
and to what extent the room dimensionsmay be extracted in practice, the results from
theseexperiments will be the subject of a future paper.
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Figure 1. Results: (a) An experimental RIR time signal; (b) FFT magnitude of the �rst 570
Hz of RIR signal; (c) Corresponding DPA magnitude spectrum; (d) Full order DPA spectrum
(K = 100) for a secondRIR signal; (e) Froissart noise �ltered DPA spectrum( K = 15); (f ) Pole
plot of two RIR signals showing overlap at room resonancefrequencies.
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